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a b s t r a c t

Over the last twenty years, many studies have been made of radiative transfer in scaling
cloud fields, the vast majority of which have been limited to numerical studies in clouds
with relatively small optical thickness. An exception to this was the development of a
formalism for treating single scattering in optically thick but conservative multifractal
clouds without significant holes. In part I of this paper we show how these results can be
extended to general ‘‘universal’’multifractal clouds dominated by lowdensity ‘‘Lévy holes’’.
In part II, we demonstrate how the analytic single scattering results can be generalized
to multiple scattering including the case of very thick clouds as well as to realistic
nonconservative clouds.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

1.1. Overview

Clouds – bothmeteorological and astrophysical – and their associated radiation fields are highly variable over huge ranges
of space–time scales. Anunderstanding of both the variability and the inter-relation between the two fields is of fundamental
importance in meteorology, climatology, and astrophysics. The relation between radiation fields and the associated scatter
density fields is also a challenging problem in the physics of disordered media (sporting several novel statistical features).
This problem generally arises in systems with temporal and spatial variability originating in turbulent or turbulent-like
phenomena: it is ubiquitous.
Turbulent atmospheric or magneto-turbulent astrophysical dynamics span huge ranges of scale, the natural

framework is scaling fields, i.e., multifractals. Indeed, in the atmosphere direct analyses of measurements of
visible, near infra red, thermal infra red, passive and active microwave wavelengths (11 bands in all) using 1000
orbits of satellite data spanning the scales of 20,000 to 8 km has recently shown that the radiance fields are
multifractal with deviations of the order ± 0.5% (short and long waves), ± 1.5% to ± 4.6% (passive and active
microwaves respectively) are scaling over the range from 5000 km on down [1]. These findings greatly improve
on earlier indirect and more limited results [2,3]. In this framework, the various cloud morphologies and types are
simply manifestations of anisotropic (but still scaling) multifractal generating mechanisms. In astrophysical systems,
scaling has been observed from planetary and stellar scales, up to interstellar and even galactic scales (e.g. Refs.
[4–9] and references therein).
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Similarly, many astrophysical plasmas appear to be manifestations of magneto-hydrodynamical turbulence and have
been modeled by turbulent fragmentation processes. Many studies were indeed devoted to monofractal characterizations
of several astrophysical density or velocity fields (e.g. Refs. [10–17] and references therein). More recently, the multifractal
nature of intermittency has been recognized because intermittency affects many chemical reactions and, more generally,
because it has a profound impact on structure formation (e.g. Refs. [9,17] and references therein). Hence, as in terrestrial
clouds, one is lead to adopt the multifractal approach in order to realistically describe astrophysical cloud morphologies
and dynamics. Finally, there is also a strong need for quantitative results of radiative transport in astrophysical plasmas
since most (if not all) of the information obtained from distant astrophysical sources is in the form of electromagnetic
radiation. Note however that the magneto-hydrodynamical turbulence observed in some nebulae or giant molecular
clouds (apparently supersonic) are different from atmospheric turbulence [9,13]. The latter is notably distinguished by its
vertical stratification which is nevertheless scaling [18–25]. The large compressibility of the nebular gases and the possible
multiplicity of turbulence energy sources are likely the main explanations for that difference.
In this paper, we focus on the theoretically well-posed statistical physics problem of radiative transport in multifractal

media. There are two parts to the problem eachwith correspondingmodel choices. The first is for themedium (referred to as
‘‘cloud’’), the second is for the transfer. For simplicity, wewill limit our attention to isotropic (self-similar) multifractals, and
to multifractals with stable, attractive generators: the ‘‘universal multifractals’’. As for the choice of transport model, we
opt for the traditional radiative transfer equation although for some calculations we make a special choice of scattering
phase function such that scattering only occurs through a discrete set of angles. This makes the numerics particularly
exact [26–28]withoutmodifying the basic statistical properties of the transport (the scaling exponents). The slightly simpler
transport problem of diffusion on multifractals [29–33] is itself quite interesting, but (except in 1-D [32,34]) is not in the
same universality class as radiative transport [26]. It could be mentioned that much of the work on transport in scaling
media has focused on binary systems in which the medium is modeled as a geometric set of points (e.g. the problem of
electrical conduction in a conducting percolating system, see the reviews [35,36]); the corresponding geometric fractal sets
are simpler than the multifractal measures relevant to turbulence.

1.2. External horizontal variability, and fractal models

The theory of radiative transfer in plane parallel horizontally homogeneous (1-D) media is elegant and general [37].
However, when we turn to horizontally inhomogeneous media there is no consensus on the appropriate model, nor is the
transport problem analytically tractable. For these reasons the use of 1-D models has long dominated the field: in fact,
the effect of horizontal variability was both underestimated and neglected. Up until the 1990’s, on the occasions where
horizontal inhomogeneity was considered at all, it was usually reduced to the inhomogeneity of the external cloud/medium
boundary (e.g. cubes, spheres, cylinders [38–40]) with the internal cloud and radiance fields still being considered smoothly
varying if not completely homogeneous. When stronger internal horizontal inhomogeneity was considered it was typically
confined to narrow ranges of scale so that various transfer approximations could be justified, see Refs. [41,42]. When the
problem of transfer in inhomogeneous media finally came to the fore, the mainstream approaches were heavily technical,
(see Gabriel et al. [43] for a review) with emphasis on intercomparisons of general purpose numerical radiative transfer
codes (see e.g. the C3 initiative [44]) and see, e.g., the application to huge Large Eddy Simulation cloud models [45]. At a
more theoretical level, the general problem of the consequences of small scale cloud variability on the large scale radiation
field has been considered using wavelets [46,47] but has only been applied to numerical modeling. As a consequence, these
‘‘3D radiative transfer approaches’’ have generally shed little light on the scale by scale statistical relations between cloud and
radiation fields in realistic scaling clouds (see the collection [48] for more of this numerically intensive classical approach).
Overall, there has been far too much emphasis on techniques and applications with little regard for understanding the basic
scientific issues.
Motivated by the explosion of interest in scaling systems and the realization that many geophysical systems (including

clouds) were scaling over large ranges, the first studies of radiative transport on extremely variable (but mono fractal)
systems appeared in which the cloud was modeled as a fractal set but with constant density on the support (e.g. Refs.
[26–28,49–54]). These works used various essentially academic fractal models and focused on the (spatial) mean (i.e., bulk)
transmission and reflectance. They clearly showed that (i) fractality generally leads to non-classical (‘‘anomalous’’) thick
cloud scaling exponents, (ii) the latter were strongly dependent on the type of scaling of themedium, and (iii) the exponents
are generally independent of the phase function [26].
By the 1990’s, it was clear that scaling generically leads to multifractal fields and that clouds were – as expected for

turbulent fields – more nearly multi- rather than mono- fractal so that one must consider a whole range of cloud densities
each characterized by a different fractal dimension [55,56]. This pointed to the importance of understanding transport in
the more realistic multifractal systems. Since the generic multifractal process is the multiplicative cascade, this lead to
transport studies on cascade based cloud models. The two classes of cloud model which have been used for this purpose
are the fractionally integrated flux model (FIF) [57] and the bounded cascade model [54]. In the FIF model, a multiplicative
cascade generates a (scale by scale) conservativemultifractal (for example, the energy flux to smaller scales), then a fractional
integration (i.e. a power law filtering) is used to model the turbulent velocity or passive scalar density field; the details
are recalled in Section 2. This model attempts to reproduce the phenomenology and scaling of passive scalar turbulence,
in particular it yields statistics following the intermittent generalization of the classical Corrsin–Obukhov law of passive
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scalar advection. Not only are the second order statistics correct (e.g. the spectrum is of the roughly k−5/3) form, but the
intermittency corrections/exponents (the statistics of orders other than second) can be made very close to those of real
clouds. In contrast in the bounded cascade model, there is no conserved flux, the velocity or density fields are directly
modeled with multiplicative cascades which are strongly ‘‘bounded’’ in order to obtain the observed second order passive
scalar statistics (spectra). The bounding is effected by progressively and rapidly weakening the cascade at each step. As
pointed out [3], this scale by scale attenuation essentially kills off the intermittency so that the resulting field has the same
scaling exponents as a truncated (non-intermittent, additive) gaussian process. Studies of radiative transport on the latter
have unsurprisingly concluded that the effect of the horizontal cloud heterogeneity on the radiative transfer is small [54].
Recently some proponents of the bounded cascade [58] have admitted that the FIF is indeedmore realistic than the bounded
cascade — perhaps signaling renewed interest in models with stronger, more realistic variability.
Finally, it is worth mentioning a related approach proposed by Davis et al. [59] to phenomenologically account for the

cloud variability. These authors proposed replacing the standard exponential transmission (Green’s) function by a power
law corresponding to a Lévy flight model for photon paths. The justification is that cloud ‘‘holes’’ give rise to occasionally
very long photon paths.While thismodel is interesting, it is not clearwhich – if any – cloud processeswould give rise to Lévy
flights. It is interesting to note that the multifractal cloud models discussed here have Lévy generators for the cloud density
field, and do indeed give rise to quite long tailed distributions of photon path lengths — but they turn out not to be truly
‘‘fat-tailed’’ (algebraic) such as in Lévy distributions. Although photon paths do exhibit clustering and other features of the
Lévy walks (see Figs. 4 and 5), they in fact have finite variances. In addition, the Lévy flights correspond to ‘‘superdiffusion’’
in which, after N scatters photons travel a distance N1/DF with DF < 2 whereas – due to the ‘‘trapping’’ of photons in dense
regions – we find DF > 2 i.e. ‘‘subdiffusion’’ corresponding to a different phenomenology.

1.3. Transport in multifractal media

To date nearly all numerical studies of radiative transport in multifractal media have used the special Discrete Angle
(DA) phase functions mentioned above and described in detail in Section 4 (an exception is Evans [60] who used a backward
Monte Carlo technique and approximations valid for optically thin clouds). In addition, for reasons of convenience, they have
concentrated almost exclusively on twodimensional systems (see however Refs. [61–64])with periodic horizontal boundary
conditions and vertically incident radiation. Early studies were primarily numerical [65,66] and aimed at demonstrating the
potentially large effect of multifractal heterogeneity on the spatially averaged (‘‘bulk effect’’) transport. For example, the
latter papers found that for a cloud with strong intermittency characterized by the codimension of the mean C1 = 1/2 (see
Section 2; this is very large compared to realistic cloud values C1 ≈ 0.1), and mean optical thickness 100, that the mean
transmission is increased by a factor of 3 with respect to the homogeneous counterpart. Similarly, Borde and Isaka [64]
numerically studied the statistical variation of mean cloud transmittances concentrating on the phase function and other
parameters thought to bemeteorologicallymost realistic. Since their clouds had relatively small effective optical thicknesses,
the effect of the multifractality was not so large (the transfer problem becomes linear in the optically thin limit so that
heterogeneity is no longer important).
More recent approaches have attempted to obtain more theoretical insight into the relation between the multifractal

cloud and associated radiation fields. Based on the radiative transfer Green’s function, Naud et al. [67] have argued that with
respect to the cloud, the radiation is a kind of integration (presumably of fractional order). These authors showed that since
multifractal fields are superpositions of singularities of all orders, above a given critical value the effect of this integration
is simply to shift all the singularities (below this value, they are smoothed out). Developing this idea further with the help
of a novel statistical closure technique, Schertzer et al. [68] showed that the transfer is indeed an integral over the cloud
but over a generally fractal flux tube. This gives a multifractal generalization of the Independent Pixel Approximation (IPA)
often used to interpret satellite cloud radiances. Unfortunately this insight has not been developed further.
In this paper, we primarily follow an approach based on the classical order of scattering method for solving the radiative

transfer equation (the basis of the Monte Carlo solution method). The starting point is the exact calculation of single
scattering statistics in multifractal clouds obtained by averaging the single scatter transmission function over the cloud
statistics [34], a ‘‘mean field’’ type of result. This is used to justify a renormalization of the cloud, i.e. to replace the
heterogeneous multifractal cloud by an ‘‘equivalent’’ thinner, but homogeneous cloud. In the special multifractals with
analytic statistical exponents K(q), (see below) considered in Ref. [66] this theoretically derived renormalizationwas shown
to reproduce the numerical results and was fairly accurate even in optically thick clouds with high degrees of multiple
scattering.
While these results were promising, they could not be directly applied to realistic clouds for several rea-

sons. The first is that the cloud was assumed to be a conserved multifractal (a scale by scale energy or pas-
sive scalar variance flux). This means that the density fields are much rougher than those of (non-conserved) re-
alistic clouds. The second is that realistic clouds have low density regions (‘‘Lévy holes’’) which occur so fre-
quently that their statistics are qualitatively different: negative moments of the cloud density fluctuations di-
verge and the moment scaling function K(q) is not analytic at the origin. This latter property is the source
of serious (and interesting) technical difficulties discussed below. Both cloud density and radiation observations
[3,69,70] show that they are indeed nonconservative and furthermore, they quantify the degree of nonanalyticity of K(q).
In this paper, we generalize these earlier results obtaining renormalization methods for realistic multifractal exponent
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Fig. 1a. This figure shows a top view of a numerical simulation of the radiation field of 512 × 256 FIF multifractal cloud, 128 pixels thick with
horizontal exponents H = 1/3, C1 = 0.1 and with α = 1.75. The vertical is stratified so that H, C1 in the vertical direction are a factor Hz = 9/5
larger (see Ref. [19]). The cloud is viewed looking down on the top with the sun at a 45◦ angle to the right. Only single scattering was used for this
rendition. High radiance regions appear white, low radiance regions appear black. Note the presence of very large low valued density regions which
are of fundamental importance because they are relatively optically transparent. For more multifractal cloud and radiation simulations, see the site:
http://www.physics.mcgill.ca/~gang/multifrac/index.htm.

functions. We then consider the extension from single to multiple scattering. The key aspect remaining to be treated for
realistic multifractal clouds is the effect of scaling vertical anisotropy responsible for the vertical stratification see Refs.
[19–21] for recent empirical results.
This paper is structured as follows. In Section 2 we review the basic multifractal formalism and scale by scale statistics,

and review relevant existing results of radiative transfer on multifractal clouds deriving fairly general relations between
cloud and (single scattering) radiation statistics (via their corresponding exponents) for cloudswith analyticmoment scaling
exponents K(q). In Section 3, we extend these results for nonanalytic K(q) believed to be necessary for real clouds showing
that because of the frequent large ‘‘holes’’ there are asymptotically dominant (thick cloud) corrections to the previous results.
In Section 4 we conclude. In part II, we consider multiple scattering using both Monte Carlo and numerical solutions to
the transfer equation showing how the single scattering result can be (approximately) extended to multiple scattering. In
hindsight, it is surprising that much of the single scattering formalism developed in part I carries over tomultiple scattering.

2. Single scattering in multifractal clouds

2.1. Multifractal cloud densities

In this section we derive the single scattering statistics through a multifractal cloud; the presentation is somewhat
simplified and improved with respect to that of Ref. [34] largely thanks to the systematic use of the Mellin transform.
As a model we take a cloud with a multifractal density field ρ

(
x
)
(nondimensionalized with 〈ρ〉 = 1, x = (x, y, z))

where x, y, z are the spatial coordinates nondimensionalized by the outer scale so that the cloud is effectively defined over
the unit square (unit cube in 3D). Following basic turbulence phenomenology, we first define a (scale by scale) conservative
multifractal ϕλ with the following ensemble averaged moments at scale ratio λ > 1 which is the ratio of the largest cloud
scale (unity), to the scale of observation:〈

ϕ
q
λ

〉
= λK(q) (1)

where K(q) is the (convex) moment scaling function.
According to the usual turbulence phenomenology, the directly observable cloud density fluctuation is related to the

conserved flux ϕλ by:

ρλ = ϕλλ
−H (2)

ρλ is the fluctuation over scale ratio λ (i.e. nondimensional distance λ−1). For example, according to Corrsin–Obukov [71,72]
theory of passive scalars, ϕ = χ3/2ε−1/2, where χ is the passive scalar variance flux, ε is the energy flux and H = 1/3. In
the horizontal, Refs. [19,73] have shown empirically that this is close to the observations. Eq. (2) is essentially the result of
dimensional analysis, the linear scaling factor λ−H is interpreted statistically. In order to make a stochastic model of a field
with the scaling statistics indicated in Eq. (2), the simplest procedure is to use the fractionally integrated flux (FIF)model [57],
in which it is modeled as a fractional integration of order H. See Figs. 1a and 1b for representative 3D simulations rendered
using single scattering radiative transfer and Figs. 1a and 1b of Part II of this paper for isotropic 2D simulations with false
colors comparing the effects of H = 0,H = 1/3.
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Fig. 1b. Radiances from the same cloud as in Fig. 1a except that it is a side view. The cloud is progressively horizontally stratified at scales greater than 32
pixels (it is progressively vertical stratified as smaller scales).

Mathematically, K(q) could be practically any convex function, so that multifractal modeling and analysis would require
an unknown function, the equivalent of an infinite number of parameters. Fortunately, multifractal processes possess stable
and attractive generators 0λ:

0λ = nDC
1/α
1 γα ∗

∣∣x∣∣−D/α
ϕλ = e0λ

(3)

where γα is a unit, independent and identically distributed Lévy noise ‘‘subgenerator’’ (of index α) and where ‘‘*’’ is the
convolution operator [57] and D is the dimension of space. C1 is the codimension of the mean and determines the mean
level of intermittency; the normalization constant nD depends on the dimension of space and possible scaling anisotropy
and will not concern us here. The corresponding conservative ‘‘universal’’ multifractal process ϕλ is then characterized by
only two parameters, α and C1:

K (q) =
C1

α − 1
(qα − q) (4)

where 0 ≤ α ≤ 2 is the Lévy index of the generator (= logϕλ; this is a Lévy process) and C1 is the codimension of the
singularities which give the dominant contribution to the mean of the process (recall that the codimension of a set is the
difference between the dimension of space in which the process is embedded and the dimension of that given set). When
α = 2, γα is a gaussianwhite noise and the ‘‘bare’’ ϕλ (i.e. the process cut-off at the finite resolution 1/λ) is just a log-normal
process. In this case, K(q) is quadratic, hence analytic. However, when α < 2, the Lévy generator with its long algebraic tail
qualitatively changes the statistics and the phenomenology. In order for the moments q > 0 of ϕλ to converge; it must be
an asymmetrical ‘‘extremal Lévy’’ (i.e. with the extreme algebraic Lévy fluctuations only on the negative side). The negative
moments

(〈
ϕ
q
λ

〉
, q < 0

)
diverge due to the frequent large negative values of 0. This leads to the presence of ‘‘Lévy holes’’

(see Fig. 1a of Part II) which are (possibly) large low valued density regions; for radiative transfer, they play a fundamental
role since they are relatively optically transparent.
The above equations define the statistics ofρ via themoments; they can also be defined via their probability distributions:

Pr (ϕλ > s) ∼ λ−c(γ ); s = λγ (5)

where ‘‘∼’’ indicates equality to within slowly varying (e.g. logarithmic) factors. The moments and the probability densities
are related by a Mellin transformation [74] see Eq. (19)); this reduces to a Legendre transformation [75] for the exponents:

c (γ ) = max
q
(qγ − K (q))

K (q) = max
q
(qγ − c (γ )) . (6)

Eqs. (6) imply one to one relations between moments and singularities:

γ = K ′ (q) ; q = c ′ (γ ) . (7)

For universal multifractals (i.e. with K(q) given by Eq. (4)),

c (γ ) = C1

(
γ

C1α′
+
1
α

)α′

= C1α−α
′

(
1−

γ

γ0

)α′
; 0 ≤ α < 1, 1 < α ≤ 2 (8)

where: 1
α
+

1
α′
= 1 and γ0 = −C1 α

′

α
= −

C1
α−1 . It is valid for γ > γ0 for 1 < α < 2 (=0 otherwise) and for γ < γ0 for

0 ≤ α < 1 (=∞ otherwise). For α = 2 the above is valid for all γ . From Eq. (8) we see that for 1 < α ≤ 2, γ0 is the
largest space filling singularity (the codimension being 0). In addition, since for 1 < α < 2, c ′(γ0) = 0, we see that it is also
the most probable and gives the dominant contribution to the zeroth order (q = 0) cloud density moment. The low order
singularities γ < γ0 corresponding to space filling (c(γ ) = 0) behavior have sub-exponential probabilities: p (γ ) ≈ |γ |−α−1
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(for γ << γ0) corresponding to p (ϕ) ≈ |logϕ|−α−1 as ϕ → 0. This log divergence of the probability density for small ϕ
leads to frequent low ϕ regions; the ‘‘Levy holes’’.
Although real cloud fields are not conservative with H empirically close to the theoretical (Corrsin–Obukhov) passive

scalar value 1/3 (rather than zero), in the first part of this paper, and for the sake of simplicity, we restrict ourselves to the
conservative case with universal multifractal parameters H = 0, 1 < α ≤ 2, and 0 ≤ C1 ≤ 2 (for the 2-D case).Whenever
formulae are explicitly evaluated or graphical results displayed, we choose the values α = 1.75 and C1 = 0.1, which
approximate the parameters found in real clouds [2,76].
In the following, we nondimensionalize distances by the overall cloud size so that ρλ is the mean cloud density over

the entire cloud. Also, we nondimensionalize the cloud density by a climatological mean value so that 〈ρ1〉 = 1. In the
theoretical development Section 3 we consider the pure multiplicative process H = 0 so that we have 〈ρλ〉 = 1 (at any
scale). Also in this case:〈

ρ
q
λ

〉
= λK(q) =

∫
pλ (γ ) λγ qdγ (9)

where the probability density pλ(γ ) is (to within slowly varying factors)= λ−c(γ ) (c.f. Eq. (5) with ϕλ replaced by ρλ).
The codimension multifractal formalism presented above was developed to deal with stochastic multifractal fields

defined on infinite dimensional probability spaces. At about the same time, a dimension multifractal formalism was
developed for handling multifractals on low dimensional phase spaces of (deterministic) chaotic systems [77]. The relation
between the two is:

f (α) = D− c(γ ); α = D− γ
τ(q) = (q− 1)D− K(q).

Whereas γ is the order of singularity of the multifractal density (ϕ) the dimension formalism α (not to be confused
with the Levy index used here) is the scaling exponent of the corresponding multifractal measure (the integral over a space
dimensionD of ϕ). Similarly whereas c is the statistical codimension characterizing the scaling of the probability densities, f
is the geometrical fractal dimension of the set of points with corresponding exponent α (or γ ). Whenever c < D, the c is also
equal to the corresponding geometric codimension, however, in general rare events exist for which c > D so that f would
have negative values corresponding to impossible negative dimensions. In the codimension formalism, taking D → ∞
(e.g. for probability spaces) poses no difficultywhereas the dimension formalismquantities diverge. Similar remarks hold for
the moment exponents τ(q) and K(q). More recently, the Multifractal Detrended Fluctuation Analysis method (MDFA) has
been developed for multifractal analysis, introducing further exponents (note that the MDFA is not a multifractal formalism
per se, it is an analysis technique). To see the relationship between the MDFA exponents and those of the codimension
formalism, take the ensemble average of the qth power of both sides of Eq. (2) then the fluctuation exponent:

〈ρ
q
λ〉 = λ

−ξ(q)
; ξ(q) = qH − K(q).

Then if we analyze the field ρλ with the nth order MDFA technique, then one obtains the exponent h(q) [78]:

h (q) = 1+ ξ (q) /q; −1 < H < n.

The advantage of this notation is that if there is no intermittency (K(q) = 0), then h = 1+ H , which is convenient. Caution
must be used, however, since – due to the q in the denominator – h(q) can diverge, whereas ξ(q) and K(q) remain finite (for
example, if the MDFA is applied to monofractal ‘‘beta model’’ cascade processes or indeed to any universal multifractal with
α < 1, then h(q) will diverge as q → 0). The reason that h exceeds H by 1 is because the MDFA analyses the integral of a
series so that the total order of integration becomes 1+ H . Due to this extra 1-D integration, the MDFA must be applied to
1-D sections of two or higher dimensional fields.

2.2. Cloud radiative properties

The extinction parameter κ is the sum of the scattering plus absorption cross-section per unit mass of scattering media;
it has dimensions of inverse distance. It characterizes the strength of the matter-radiation coupling; the optical density
κρ. For simplicity we will assume that κ is constant across the cloud so that all the variability is due to the cloud density
ρ. In the following, it will be convenient to nondimensionalize κ by the system size in the same way as the distances are
nondimensionalized. Since we have taken 〈ρ〉 = 1, κ is equal to the number of mean free paths across the unit cloud.
We can also define the optical path length:

τ(x) = κ
∫
path

ρ
(
Er
)
dr (10)

where the integration is over the straight line photon path of nondimensional distance x (x is the fraction of the cloud in the
above optical path integral). The probability that a photon will travel a distance x without scattering is then given by the
transmission function,

T = e−τ , (11)
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(known as ‘‘Beer’s Law’’) and is the propagator from the radiative transfer equation. For ‘‘mean field’’ properties we require
the statistical average of this quantity, the direct transmission 〈T (x)〉, (where for a fixed x, the average is to be taken over
an ensemble of multifractal clouds).
In order to calculate the statistics of the randomphoton path distances x, the starting point is towrite down an expression

for the direct transmission averaged over the stochastic cloud variability:

〈T (x)〉 =
∫
∞

0
e−τpτ (τ ) dτ , (12)

where pτ (τ ) is the probability density for finding an optical path length as given by Eq. (10) (see Ref. [60] for related
stochastic media approaches).
We can then obtain the random distance probability density px (x) = − ∂〈T 〉

∂x and use this to obtain their statistical
moments:〈

xqp
〉
=

∫
xqppx (x) dx, (13)

px(x) is just the probability density for photon paths of physical length x (the subscript ‘‘p’’ on the exponent is for ‘‘photon’’).
The random optical thickness τ is a one-dimensional integral over a large scale factor λ ≡ 1/x of a multifractal field that

has been developed to some fine inner scale with scale ratioΛ; in other words, we start with an original multifractal with a
high scale ratioΛ >> 1 (i.e. small homogeneity scale= 1/Λ) and spatially average to a larger distance x = 1/λ; λ < Λ).
It is referred to as the ‘‘dressed field.’’ Mathematically, the dressed field ρλ,d at scale ratio λ < Λ is:

ρλ,d = λ

∫
1/λ
ρΛ
(
x′
)
dx′. (14)

For moments q below a critical value qD, the bare and dressed statistics are the same to within factors of order unity:〈
ρ
q
λ,d

〉
≈
〈
ρ
q
λ

〉
. However for q > qD the former diverge while the latter remain finite [57]. We assume here that q < qD so that

it is an acceptable approximation to replace the dressed field by the bare field developed only down to the scale λ, i.e. we
take ρλ,d ≈ ρλ.
In the Monte Carlo approach to the problem, we consider that photons travel a distance x before scattering (determined

by an exponential probability distribution of the optical thickness along the path). Sincewe assume the extinction coefficient
(κ) is constant, over the distance x the optical thickness is:

τ = κρλ,dx ≈ κρλλ−1 = κλγ−1 (15)

where we have used the fact that for a multifractal field ρλ = λγ with the singularities γ being an extremal Lévy random
variable having probability density p (γ ), we find the following and we have made the approximation that the ‘‘bare’’ and
‘‘dressed’’ statistics are the same. This should be valid so long as x is small compared to 1 (the outer scale of the cloud): for
small λ the bare field has undergone few cascade steps and therefore is less variable than the dressed field. In fact, the limit
λ→ 1 is the uniform cloud, and thus serves as a useful check.

2.3. The direct transmission

We begin by finding an integral expression for 〈T 〉 that can be evaluated. For technical reasons it is more convenient to
use the normalization of the probability density so as to rewrite Eq. (12) as

〈T (x)〉 = 1−
∫
∞

0

(
1− e−τ

)
pτ (τ ) dτ . (16)

The problemnow is that Lévy probability densities are not generally expressible in closed form except in the special cases
α = 1 (Cauchy probability density function), α = 1/2 (‘‘inverse Gaussian’’), and α = 2 (Gaussian). Nevertheless the Mellin
transform of pτ is straightforward so that with the help of the Parseval formula for products, we rewrite Eq. (16) in terms of
the Mellin transformed quantities. We obtain an integral in the complex plane of the product of Mellin transforms (see, e.g.
Bleistein [79]).

〈T 〉 = 1−
1
2π i

∫ r+i∞

r−i∞
M[1− e−τ ;−q]M[pτ ; 1+ q] dq (17)

with the Mellin transform and its inverse given by:

M[f (τ ); q] ≡
∫
∞

0
τ q−1f (τ ) dτ

f (τ ) =
1
2π i

∫ r+i∞

r−i∞
τ−qM[f ; q] dq.

(18)
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Fig. 2. ln〈T 〉 vs. x (numerical integration), here for k = 100. The corresponding uniform transmission is shown as a dashed blue line, the dashed green line
is the prediction of the ‘‘renormalized’’ medium approximation using Keff developed below. For path lengths less than a critical xc , the mean transmission
is essentially exponential with this ‘‘effective’’ extinction coefficient at some reduced value. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

The two Mellin transforms in Eq. (17) can be evaluated:

M[1− e−τ ;−q] = −0(−q)
M[pτ (τ ); 1+ q] = κqxq−K(q).

(19)

The first transform is a standard result, where 0 is the gamma function. The second arises from the definition of the
moment scaling function K(q) (Eq. (9) combinedwith Eq. (13) with x = λ−1). We therefore arrive at an essential expression,

〈T (x)〉 = 1+
1
2π i

∫ r+i∞

r−i∞
0< r < 1

κqxq−K(q)0(−q) dq. (20)

The integration is along a vertical path which lies in the common strip of analyticity of the two Mellin transforms (see
Fig. 9). While this does not at first seem like a simplification, it will provide a useful tool in finding asymptotic expansions
for the photon path moments. Moreover it can be easily integrated numerically, as shown in Fig. 2.
Two observations are in order. The first is that the direct transmission through a cloud with a large variability in optical

density can be much greater than for a uniform cloud of the same κ . The second is that there are at least two main regimes:
a short-distance regime in which the transmission is approximately exponential at some reduced ‘‘renormalized’’ value of
κ , and a long-distance regime in which the transmission falls off more gradually.

2.4. The singularity formalism for single scattering

We have seen that in multifractals developed over a large scale ratio λ, the probability and moment descriptions are
simply related through a Legendre transformation (Eq. (6)). Lovejoy et al. [34] showed that for large κ an analogous set of
exponents and relations exist for the radiative transfer. First, rather than consider the statistics of the photon path x, it will
be convenient to define the distance normalized by the mean scattering distance κ−1 in a homogeneous cloud:

τp = xκ (20a)

and introduce the (random) ‘‘scattering singularity’’ γp for the random optical distance traversed by a photon before
scattering:

τp = κ
γp . (21)

Unlike γ which is a real order of singularity of the cloud density field in real space, γp is simply the analogous exponent of
the photon distances with respect to the extinction coefficient.
Now, we interpret the mean transmittance 〈T 〉 averaged over the cloud statistics as the probability distribution of the

random photon scattering distances:

〈T 〉 = Pr
(
τp > κγp

)
∼ κ−cp(γp) (22)

where we have anticipated that to leading order, the asymptotic expansion (large κ) for 〈T 〉 is of the exponential form
indicated and cp(γp) is the corresponding exponent (written in analogy to c(γ ), Eq. (5)). We now use (c.f. Eq. (20a)),

x = τp/κ = κγp−1 (23)
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and insert this into Eq. (20):

κ−cp(γp) = 1+
1
2π i

∫ r+i∞

r−i∞
0< r < 1

κqγp−K(q)(γp−1)0(−q) dq. (24)

If we now assume that K(q) is analytic at the origin, we can take r to the left (past the pole in 0(−q) at the origin); this
residue contributes a value−1 which cancels the 1 in Eq. (24) to yield

κ−cp(γp) =
1
2π i

∫ r+i∞

r−i∞
r<0

κqγp−K(q)(γp−1)0(−q) dq. (25)

Note that the assumption of analyticity at the origin is valid formany popularmultifractal models such as the log-Poisson
model [80] or the ‘‘pmodel’’ [81] but is invalid for all the universal multifractals except the special ‘‘lognormal’’ multifractal
α = 2 (see Ref. [34] for the latter); the cases α < 2 have a branch cut along the negative real axis ending at the origin. The
final step is to make a transformation of variables and define the photon moment exponent Kp(qp),

qp = K (q)− q

Kp(qp) = K(q) (26)

to obtain:

κ−cp(γp) ∼

∫ 0−

−∞

κ−qpγp+Kp(qp)f (qp) dqp (27)

where we have deformed the limits of integration to lie on the negative qp axis. The function f is an unimportant sub-
exponential function [34]. If K(q) and hence Kp(qp) have unique minima (recall, they are convex), and since K(0) = K(1) =
0, if K(q) is real for q < 0, then this minimum occurs for real qp < 0; it will lie on the domain of integration above. In that
case, the ‘‘moving maximum’’ method of asymptotic approximation [82] allows us to conclude that for large enough κ:

cp
(
γp
)
= maxq

(
qpγp − Kp

(
qp
))

Kp
(
qp
)
= maxq

(
qpγp − cp

(
γp
)) (28)

i.e. the same type of Legendre transform as for the multifractal cloud density statistics Eq. (6). This justifies the exponential
form of 〈T 〉 given in Eq. (21). The final formula relating cloud and scattering exponents follows by inverting the transform;
we see for example that:〈

τ
qp
p

〉
= κKp(qp) = κqp

〈
xqp
〉
. (29)

The Legendre pairs in Eqs. (6) and (28) allow us to associate unique singularities with moments:

γ = K ′ (q) =
dqp
dq
+ 1

γp = K ′p
(
qp
)
=
dq
dqp
+ 1

(30)

from which we derive,

(γ − 1)
(
γp − 1

)
= 1; cp

(
γp
)
=
c (γ )
1− γ

. (31)

Eqs. (25), (27), (29) and (30) establish one to one relations between cloud densities and statistics, and photon paths
and statistics; these will be quite helpful in interpreting the results below. These relationships between exponents are only
between values which give dominant contributions to integrals; they are only exact in the limit κ > λ→∞). For example,
using Eq. (31) we see that the most probable cloud density singularity, γ0 = −

C1
α−1 , corresponds to the photon scattering

singularity:

γp0 = 1− a (0) ; a (0) =
1

1− γ0
=

(
1+

C1
α − 1

)−1
(32)

is the exponent for the photon distance x thatwill play a fundamental role in later developments. Sincewe saw γ0 dominates
the moment q = 0, and qp = K(q) − q we see that γp0 gives the dominant contribution to qp = 0, and finally, this shows
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Fig. 3. ln〈T 〉 vs. rescaled distance x/xc (numerical integration). Solid line κ = 10, dashed line κ = 100, dotted line κ = 1000. Each curve intersects
ln〈T 〉 ≈ −1 near xx0 = 1.

that c ′p(γp0) = qp(γp0) = 0 so that γp0 is in fact the most probable photon scattering singularity. In the case α = 2, we easily
obtain an analytic result [34]

cp
(
γp
)
=

(
1− (1+ C1)

(
1− γp

))2
4C1

(
1− γp

)
Kp
(
qp
)
= qp −

√
(1+ C1)2 + 4C1qp − (1+ C1)

2C1
.

(33)

In the following section,we showhow this formalism can be extended to the case 1 < α < 2 and show the corresponding
graphs of Kp, cp.

3. Single scattering direct transmission and moments for 1 < α < 2

3.1. The transmission function

The idea of two scattering regimes is clearly manifest in the behavior of the transmission. For the special value of photon
path length x0 (corresponding to the most probable path length singularity γp0):

x = x0 = κ1−γp0 = κ−a(0) = κ
−

(
1+ C1

α−1

)−1
(34)

which might be called the renormalized scattering length. Eq. (20) is practically stationary with respect to a change in κ (see
Fig. 3).
This stationary behavior can be traced to the fact that the linear term in the exponent of the integrand of Eq. (19) vanishes

at x0 leaving,

〈T (x0)〉 = 1+
1
2π i

∫ r+i∞

r−i∞
κγp0q

α
0(−q) dq

≈ e−1. (35)

The simplification comes about by choosing an integration path with r ≈ 0 so that κγp0q
α
≈ 1 over the range where the

gamma function makes its major contribution. We then apply the inverse Mellin transform of Eq. (18) (this argument does
not work for α < 1). The approximation is borne out by the numerics in Fig. 3. Since the transmission function falls to 1/e
at x0 it is easy to see that a good approximation for the transmission in the short distance regime is given by

〈T 〉 ≈ e−κeff x, x < x0;

κeff = x−10 = κ
a(0)
= κ

(
1+ C1

α−1

)−1
.

(36)
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Fig. 4. This shows part of a random photon path using the derived distribution assuming each step is statistically independent (κ = 1000). Although
the walk appears very similar to a Lévy flight (notice the clusters within clusters), the variance is in fact finite, the walk with independent steps will
eventually tend to the standard gaussian brownian motion limit. The clustering is in fact due to the sharp difference in the statistics of short and long steps
(x < x0, x > x0 respectively). In Section 4 we see that even for a large numbers of steps, they are not independent due to the long range correlations in the
multifractal cloud (Fig. 5).
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Fig. 5. Three photons paths, 100 scatters each on a conservativemultifractal cloud (2-D), withα = 1.75, C1 = 0.1.We also see clusteringwhen the photon
moves into dense cloud regions. The cloud (and path) are periodic. Note here, discrete angle phase functions were used, isotropic in the four orthogonal
directions.

The approximation of Eq. (36) is plotted in Fig. 2 and is a central result for non-extreme distances (x < x0): for single
scatterings the transmission is essentially exponential but with a reduced or renormalized extinction coefficient. More
justification of this will be given later, Figs. 4 and 5 show the implications for photon path distributions. Another way of
thinking about this is that 〈T 〉 is determined almost entirely for short distances by the most probable singularity in the
density field.

3.2. The photon moment statistics: the power law term

We turn our attention now to the path length moments,

〈
xqp
〉
=

∫ 1

0
xqppx (x) dx = −

∫ 1

0
xqp
∂ 〈T 〉
∂x

dx (37)

(recall that the upper limit here is not infinity because the cloud has an outer scale of x = 1). Integrating by parts we get,

〈
xqp
〉
= −xqp 〈T 〉|10 +

∫ 1

0
qpxqp−1 〈T 〉 dx. (38)
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Fig. 6. K(q) vs. q. The location of the poles in the integrand of Eq. (40) are given by the solution of qp + q = K(q).
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Fig. 7. Kp(qp) as a function of qp obtained numerically using Eq. (26); all curves have C1 = 0.1, from bottom to top, α = 1.1 to 1.9 in steps of 0.2. Curves
for other C1 values are obtained using the fact that K(q)/C1 = Kp(qp)/C1 is independent of C1 .

The boundary term evaluates to e−κ ; it can be ignored for large κ . After substituting our integral expression for 〈T 〉 we
arrive at,〈

xqp
〉
= 1− e−κ +W (qp)

W (qp) ≡
qp
2π i

∫ 1

0
xqp−1

∫ r+i∞

r−i∞
0<r<1

κqxq−K(q)0(−q) dq dx. (39)

The order of integration may be reversed, justified on grounds of uniform convergence. The integral with respect to x is
elementary, giving:

W (qp) =
qp
2π i

∫ r+i∞

r−i∞
0<r<1

κq0(−q)
qp + q− K(q)

dq. (40)

An analysis of Eq. (40) depends critically on the properties of the moment scaling function K(q), which determines the
locations of the poles of the integrand. For conservative multifractals, K(q) is a convex function with K(0) = K(1) = 0 as
shown in Fig. 6.
It is obvious from the figure that there will always be one real root of
qp + q = K(q) (41)

within 0 ≤ q− < 1 for −1 < qp ≤ 0 so that the condition on the integration path in Eq. (40) can be satisfied by taking
q− < r < 1. We also see that the condition can never be satisfied for qp ≤ −1; in other words, these photon path moments
diverge. If K(q) is analytic (as is shown in the figure), then the positivemoments can be handledwith nomodification.When
K(q) is given by Eq. (4) with α < 2, however, K(q) has a branch cut along the negative q-axis, and q− will be complex and
multiple-valued. In any event, so long as−1 ≤ qp Eq. (40) is applicable.
It is important to appreciate that although Eq. (41) relating q, qp, and K(q) is the same as that obtained for analytic K(q)

relating dominant exponents, here, the relation determines the positions of poles in a complex integral. In this way, the
relation continues to be important even when the exponential is not dominant (as we shall see for 1 < α < 2 below). See
Figs. 7 and 8.
When K(q) is analytic, the evaluation of Eq. (40) is straightforward, especially if the two roots can be obtained in closed

form. The case for α = 2 is given in Eq. (33).
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Fig. 9. The integration path for the integral in Eq. (40).

3.3. The photon moment statistics: The logarithmic terms

We have seen that the poles will give us power law terms. Let us now proceed to a complete analysis of the integral in
Eq. (40). First consider the case of negative moments when−1 < qp ≤ 0. Our strategy (see Fig. 9) is to displace the contour
of integration as far as possible to the left: in so doing we pick up the contribution from the residue of the pole at q− and
are left with the contribution from the hair-pin path along the branch cut and a vanishing contribution from the path at
Re(q)→−∞.
Using Cauchy’s Residue Theorem, Eq. (40) evaluates to:

W (qp) =
qp0(−q−)
1− K ′(q−)

κq− +
qp
2π i

∫ 0+

−∞

κq0(−q)
qp + q− K(q)

dq. (42)

The right hand side integral is evaluated along the hairpin path by using Watson’s lemma for loop integrals which
provides an asymptotic expansion in κ . We omit the details and refer the reader to the treatment in Olver [83]. There is
a trivial contribution of−1 in the expansion due to the pole in 0(−q) at the origin, which cancels the+1 term in Eq. (35).
When the next two leading terms in qp are evaluated, we get (ignoring the e−κ boundary term):
For qp < 0,〈
xqp
〉
∼ Aκq(qp) + B (log κ)−α + C (log κ)−(α+1) + · · ·

A =
qp0

(
−q

(
qp
))

1− K ′(q
(
qp
)
)

B =
C1

qp0(2− α)
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C =

(
γEγ0

qp
−
2γ0(1− γ0)

q2p

)
1

0(−α)
, γ0 =

−C1
α − 1

. (43)

(where γE = 0.57 . . . is the Euler gamma).
Note that the two logarithmic terms vanish for α = 2 as they must do if the branch cut goes away. For large κ it is the

first (algebraic) term which dominates the negative moments since q(qp) is positive. It is also important to remember that
q(qp) is a function of qp determined by the solution of Eq. (41).
The analysis for the moments qp > 0 is not as straightforward because q− is replaced by multiple complex roots. They

contribute a term that goes as κ−|f (qp)|. For large κ (or large enough qp) this is not a concern and the leading terms in the
asymptotic expansion are the logarithmic terms in Eq. (43). In other words, the above formula is also valid for qp > 0. In this
case, we see that for large enough κ , the log terms are dominant with respect to the power law terms. However numerically
we find that for qp ≥ 1 and 1 < α < 2, 0 < C1 < 1 they are generally subdominant until κ > 100.
Since for values of κ having practical interest (κ < 500 i.e. clouds with mean optical thickness < 500), the power law

term is important, it is necessary to find an approximation for the complex root q(qp):

q ≈ −
(
1+

C1
α − 1

)−1
qp + e±iπα

(
C1

α − 1

)(
1+

C1
α − 1

)−1−α
qαp ; qp > 0. (44)

We can also define the exponent a(qp):

a
(
qp
)
= a (0) =

(
1+

C1
α − 1

)−1
; qp ≤ 0

a
(
qp
)
= −

Re
(
q
(
qp
))

qp
≈ a (0)− cos (πα)

(
C1

α − 1

)
a (0)−1−α qαp ; qp > 0.

(45)

Formany purposes, it is sufficient to take a
(
qp
)
≈ a (0). Using this result and the properties of the gamma function, becomes

for qp > 0:〈
xqp
〉
∼ 0(1+ a (0) qp)κ−a(0)qp + B (log κ)−α + C (log κ)−(α+1) + · · · (46)

with B, C given in Eq. (42). We see that if κ is small enough so that we neglect the log κ corrections, that:〈
xqp
〉
≈ κ

−qp
eff ; κeff = κ

a(qp). (47)

Since a homogeneous cloud has 〈xqp〉 = κ−qp we see that if a(qp) ≈ a(0) that the photon statistics are the same as for a
homogeneous cloud with κa(0) in place of κ; a is thus a ‘‘renormalization’’ exponent.
In fact, this expression will be applicable to both positive and negative moments, the only distinction being that (for very

large κ) the algebraic and logarithmic terms trade places in importance as qp changes sign. Once again, we have seen that
the statistics of short pathlengths (which are described by the negative qp) differ from the long pathlength (described by
the positive qp). This is not really surprising since the Lévy probability density for the density singularities is ‘‘maximally
asymmetric’’ (between positive and negative values), the exception being the symmetric Gaussian case (α = 2). But for this
exception there is no branch cut: the logarithmic terms vanish so the moment function is always algebraic, a result that one
obtains whenever K(q) is analytic. Fig. 10 shows that the above approximations are indeed quite accurate for qp = 2.

4. Conclusion

In terrestrial and astrophysical systems, radiation typically is transported through highly heterogeneous media. Indeed,
if we consider turbulence in the broad sense, i.e. including astrophysical MHD turbulence, and in terrestrial atmospheres,
multiphase – water/air – and other effects, then radiative transfer applications typically involve turbulent systems
(e.g. ‘‘clouds’’). In the last 25 years it has become increasingly clear that both astrophysical and atmospheric turbulent
‘‘clouds’’ are highly heterogeneous multifractals with interesting, nontrivial, wide range scaling properties ranging over
many decades in scale. Unfortunately, with relatively few exceptions, radiative transfer theory has been restricted to plane
parallel (or spherically symmetric) geometries wherein horizontal heterogeneity is ignored. Themain exceptions to this are
purely numerical studies of ‘‘3D radiative transfer’’, typically with relatively thin optical thicknesses so that the effects of
heterogeneity are not large. At the same time, the occasional analytic approaches to the problemhave beenmostly restricted
to fairly academic problems such as deterministicmonofractal clouds, or to conservativemultifractals, or to single scattering.
In this paper, we return to the problem of optically thick, highly heterogeneous multifractal clouds, and extend the early

work in a number of ways, ultimately developing a theoretical framework which applies to realistic cloud variability. In this
first of two papers, we showed how our earlier single scattering theory valid for conservative fields (those which are the
direct outcome of multiplicative cascade processes), can be extended from clouds with analytic scaling exponents (such as
‘‘lognormal’’ multifractals), to clouds with exponents non-analytic at the origin (‘‘Log- Lévy’’ multifractals). While this may
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the first term (exponential) and second (logarithmic) terms respectively of Eq. (46). The dashed line shows the improvement when the third term of
Eq. (46) is included.

appear technical, physically it corresponds to clouds which are dominated by ‘‘Lévy holes’’, i.e. possibly large and frequently
occurring low density regions which are obviously important for the transfer. By developing asymptotic expansions for
single scattering cloud statistics in thick clouds, we show how these holes give increased transmission with qualitatively
new (log transmission) behavior while retaining power law terms. We develop an exponent formalism which relates the
single scattering photon exponents to the cloud statistical exponents, showing that except for very thick clouds, this power
law dominates. Therefore to a first approximation (small κ), this enables us to ‘‘renormalize’’ the cloud so that the mean
cloud transmission is approximately the same as a plane parallel cloud with optical thick thickness κeff = κa; we calculate
the exponent a theoretically from the cloud statistics (since we considered clouds of unit length withmean nondimensional
density= 1, the nondimensional extinction coefficient κ is equal to the mean cloud optical thickness). However two effects
cause deviations from this power law renormalization. First, for thick enough clouds the ‘‘Lévy hole’’ power law corrections
mentioned above mean that single scattering is ultimately dominated by the holes and so the power law renormalization
underestimates the thick cloud single scatter transmission.
Second, the total transmission involves multiple scattering. This is the subject of a subsequent paper in which we will

quantify the effect of multiple scattering with the help of numerical simulations, showing that the N scattering statistics in
a cloud is very nearly given by the theoretical single scattering statistics but for a much thinner cloud: xN (κ) ≈ x1

(
N−1/2κ

)
and allowing these ‘‘renormalized’’ single scattering results to be used as approximations to multiple scattering. We also
extend these results to the more realistic case of nonconservative clouds, i.e. those modeled by fractionally integrated
turbulent cascades. In this case, we use numerical methods to show that this single scattering renormalization was still
approximately valid even for thick clouds.
The results in this paper provide for the first time theoretical results applicable to realistic optically thick multifractal

clouds. This may have important consequences for estimates of cloud liquid water from satellite observations, and for the
handling of radiation in numerical climate models or numerical models of stellar atmospheres.
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